CHAPTER ‘

2-1
INTRODUCTION

Two systems of forces are said to be equivalent if they produce the same
mechanical effect on a rigid body. A single force that is equivalent to a given
force system is called the resultant of the force system.

We shall first introduce the parallelogram law and use it to find the resul-
tant of concurrent coplanar forces. Then the rectangular components of
forces are discussed and used to find the resultants.

As we shall see later, any system of nonconcurrent coplanar forces can
be replaced by a single resultant that is equivalent to the given force system.
The location of the line of action of the resultant is not immediately known.
To determine the line of action of the resultant of a nonconcurrent coplanar
force system, we will introduce the concepts of the moment of a force first.
The resultant of some simple types of distributed line loads will be dis-
cussed in this chapter also.

2-2
VECTOR REPRESENTATION

Notations. In this book, vector quantities will be distinguished from
scalar quantities through the use of boldface type, such as P. An italic type,
such as P, will be used to denoted the magnitude of a vector. In long-hand
writing, vectors may be represented by the notation P.

Graphical Representation. A force F (or any vector quantity) is rep-
resented graphically by a line segment AB with an arrowhead at one end, as
shown in Fig. 2-1. A is the point of application and x is a reference coordi-
nate axis. The length of the line segment AB represents the magnitude of
the force measured according to some convenient scale. The direction is
indicated by the angle # from the reference axis.
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FIGURE 2-1

Equal Vectors. Two vectors having the same magnitude and the same
direction are said to be equal. Two equal vectors may or may not have the
same line of action (Fig. 2-2). Equal vectors may be denoted by the same
letter.

7
4
FIGURE 2-2

Negative Vector. The negative vector of a given vector P is defined as
a vector having the same magnitude as P and a direction opposite to that
of P (Fig. 2-3). The negative vector of P is denoted by —P. According to
Newton’s law of action and reaction presented in Section 1-6, the forces of
action and reaction must always be equal in magnitude and opposite in
direction. Thus, the forces of action and reaction may be represented by P
and —P.

v

FIGURE 2-3

2-3
RESULTANT OF CONCURRENT FORCES

Parallelogram Law. As mentioned in Section 1-3, vectors are added
according to the parallelogram law. Figure 2-4 shows two vectors that are
added according to this law. The two vectors P and Q are placed at the
same point A and a parallelogram is constructed using P and Q as its two
adjacent sides. The diagonal of the parallelogram from A to the opposite
corner represents the sum of P and Q and is denoted by P + Q. Note that,
in general, the magnitude of the vector sum P + Q is not equal to the alge-
braic sum of the magnitudes P and Q.
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Q

FIGURE 2-4

Triangle Rule. The sum of two vectors can also be determined by con-
structing one-half of the parallelogram, or a triangle. This method is called
the triangle rule. To find the vector sum P + Q, we first lay out P at A (Fig.
2-5a), then lay out Q from the tip of P in a tip-to-tail fashion. The closing
side of the triangle, drawn from A to the tip of Q, represents the sum of the
two vectors. Figure 2-5b shows that the same result is obtained if the vec-
tor Q is laid out first. Hence, the vector sum is not affected by the order in
which the vectors are added; that is, vector addition is commutative:

P+Q=Q+P 2-1
P
Q
A
(a) (b)

FIGURE 2-5

Polygon Rule. The sum of three or more concurrent coplanar vectors
may be carried out by adding two vectors successively. For example, the
sum of three coplanar concurrent vectors, P, Q, and S (Fig. 2-6a) can be
obtained by first finding P + Q, then addingStoP + Qtofind P + Q + S,
as shown in Fig. 2-6b. Notice that the dotted line in the figure could be omit-
ted, and the sum of the vectors can be obtained directly by laying out the
given vectors in a tip-to-tail fashion to form the sides of a polygon. The clos-
ing side of the polygon, from the starting point to the final point, represents
the sum of the vectors. This is known as the polygon rule for the addition of
vectors. A polygon formed by forces is called a force polygon.

Since the vector sum is commutative, the order in which the vectors are
added is arbitrary. In Fig. 2-6¢ the vectors are added in the order of P, S, and
Q. We see that, although the shape changes, the resultant obtained remains
the same.
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FIGURE 2-6

Resultant. A given system of concurrent coplanar forces acting on a
rigid body may be replaced by a single force, called the resultant, equal to
the vector sum of the given forces. The resultant will produce the same
effect on the rigid body as the given force system.

= EXAMPLE 2-1

Determine the resultant of two forces P Q=550N
and Q acting on the hook in Fig. E2-1(1).

Solution. Two methods are pre- 500

sented here, K P=650N

(a) The Graphical Method. A
force triangle ABC is drawn as shown
in Fig. E2-1(2). AB represents force P
and BC represents force Q. The magni-
tude of each force is laid out by using FIGURE E2-1(1)
a properly chosen linear scale. The
direction of each force is measured by
using a protractor. The closing side of
the triangle, AC, is the resultant. The
magnitude and direction of the resul-
tant are measured to be

0 100 200 300N
— e

T T T
P=650N
Force triangle (to scale)

FIGURE E2-1(2)

Scale
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'. R=1090N 6=23
R=1090N « 23° < Ans.

(b) The Trigonometric Method. First, the force triangle ABC is
sketched. [See Fig. E2-1(3).] A freehand sketch is usually sufficient for this
purpose. The triangle has two known sides and a known angle between the
two sides. The magnitude of the resultant can be computed by applying
the law of cosines.

& P=650N B
Force triangle
FIGURE E2-1(3)

R=VP2+ Q?-2PQcos B
= V(650 N)Z + (550 N)Z — 2(650 N)(350 N) cos 130°
= 1088 N

To find the direction of the resultant, we compute angle A(6) by applying
the law of sines.

sinA sinB
Q R
A in“(Q s;en B
i11_1(55{) sin 130")
1088

Il
w

w

=22.8°
Thus, the resultant is
R=108N « 228° < Ans.

Comparison of the two methods indicates clearly that the trigonometric
method gives a more accurate solution. The degree of accuracy of the
graphical solution can be improved, however, if a larger scale is used and
more care is exercised when making the drawing. Much greater accuracy
may be obtained if computer-aided drafting is used.
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= EXAMPLE 2-2

A 250-b weight is lifted by pulling the two cords shown in Fig. E2-2(1). To
lift the weight, the resultant of the two tensions T, and T, must be 250 Ib act-
ing vertically upward. Determine (a) the tension in each rope, knowing that
6 = 40°, and (b) the angle 6, for which the tension T, is a minimum.

T, ¥
5% ] T, T, faoe
\/ ¥ Ir=2501
T1 5
Force triangle
FIGURE E2-2(1) FIGURE E2-2(2)

Solution.

(a) Tensions for ® = 40°. A force triangle is drawn with R = 250 b ver-
tically upward, and T, and T, in the directions shown in Fig. E2-2(2). By the
law of sines, we write

T, T, 250 Ib

sin 40° ~ sin 35° ~ sin 105°

From which, we get
T, = 166 1b T,=1481b < Ans.

(b) Values of ® for Minimum T,. Refer to Fig. E2-2(3). Using the trian-
gular rule, we first draw line AB to represent the known resultant. Then we
draw line Al from A along the known direction of T,. Several possible direc-
tions of T, are represented by the lines marked B2. Among these lines, the
shortest one representing (T,) . is perpendicular to T,. Thus,

9 = 90° — 35°
=55° b & Ans.

R=2501b

FIGURE E2-2(3)
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e EXAMPLE 2-3

Determine the resultant of the five forces shown in Fig. E2-3(1) by the
graphical method.

F4=25kips

FIGURE E2-3(1)

Solution. Refer to Fig. E2-3(2). Starting from point O, draw Oa, ab, bc, cd,
and de, representing forces F, F,, F,, F,, and F;, respectively, in a head-to-
tail fashion.

FIGURE E2-3(2)

The closing side of the polygon Oe is the desired resultant R. The mag-
nitude and direction of R are measured to be

R =325kips _A 56° & Ans.
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2-4
RECTANGULAR COMPONENTS

Any two or more forces whose resultant is equal to a force F are called
the components of the force F. In Fig. 2-7a, F, and F, are the components of
force F along the Ol and O2 directions. Two mutually perpendicular com-
ponents are called the rectangular components. In Fig. 2-7b, F, and F, are the
rectangular components of F in the x and y directions. We write

F=F,+F,

The x and y axes may be chosen in any two perpendicular directions.
Usually the axes are chosen along horizontal and vertical directions.

F F /
y /
/.
1

(7] 2 X
(a) Components of a force along two (b) Rectangular components of a force

arbitrary directions 1 and 2 along two perpendicular directions
FIGURE 2-7

Rectangular Components. If the magnitude F and the direction angle
6 of a force are known, then, from the right triangle OAC in Fig. 2-7b, the rec-
tangular components are

F, = F cosé and  F, = Fsinf (2-2)

In Equation 2-2, the direction angle 6 5

must be measured in the standard

position; that is, it is measured from F

the positive x axis to the force vector 0
F. Counterclockwise measurement is

regarded as positive; clockwise mea- x
surement is regarded as negative, as P
indicated in Fig. 2-8. The components

along the positive coordinate axes are FIGURE 2-8
positive and those along the negative

coordinate axes are negative. If the

direction angle is in the standard posi-

tion, Equation 2-2 will yield the cor-

rect sign for the components.
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Magnitude and Direction. When the scalar components F, and F, of the
. force F are given, the magnitude of F may be determined from

F=VF2+ Ff (2-3)
and the reference angle o (a positive acute angle between the positive or

negative x axis and the force vector) is
F

o= tan™!

-9

X

Depending on which quadrant the force vector is in, the direction angle 6,
in the standard position, is

First quadrant: 6 = « (2-5a)
Second quadrant: 6 = 180° — « (2-5b)
Third quadrant: 6 = 180° + « (2-5¢)

Fourth quadrant: § = 360° —a or 6= —a (2-5d)

The quadrant that a force vector is in may be determined by using a sketch.
For example, if both components are negative, a simple sketch will indicate
that the force vector is in the third quadrant.

= EXAMPLE 2-4

Resolve the 500-N force exerted on the hook in Fig. E2-4(1) into horizontal
and vertical components.

30°
F=500N

FIGURE E2-4(1)

Solution. The coordinate axes are chosen as shown in Fig. E2-4(2),
where the positive x axis is horizontal to the right and the positive y axis is
vertically upward. The reference angle is 30°. Since the force is in the fourth
quadrant, angle 6 in the standard position is

FIGURE E2-4(2) -
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6 =360°—a .
= 360° — 30°
= 330° (or —307)

Using Equation 2-2, we get

F =Fcos#8

= (500 N) cos 330°

= +433 N < Ans.
F,=Fsin6

= (500 N) sin 330°

=-250N < Ans.

= EXAMPLE 2-5

Refer to Fig. E2-5(1). The tension in guy wire BCis T = 3.5 kips. Resolve this
force into the x and y components.

-l

I-3 ft‘—L3 ﬁ-‘

FIGURE E2-5(1)

Solution. The tension T is along wire BC, which has a slope of
Horizontal : Vertical = 3:8

as indicated in the slope triangle shown in Fig. E2-5(2). The hypotenuse in
the slope triangle is

VL =VT3

From the slope triangle, we get

sina =

cos a =

w g%
3l 3
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T;

|
|
|
ysml
|
|

3

— —— = 7=3.5kips

FIGURE E2-5(2)

Using Equation 2-2, we get

I, =+Tcosa
3
=+(3.5 kips) (W)
= +1.23 kips < Ans.

7;= —Tsina

8
=-(3.5 kips)(.\/ﬁ) i
= —3.28 kips < Ans.

Since the angle « used is not in the standard position, we must assign a
proper sign to each component by inspection. j

EXAMPLE 2-6

Refer to Fig. E2-6(1). Resolve the 100-Ib weight into components along the
incline and normal to the incline.

W=1001b

FIGURE E2-6(1)
Solution. The x and y axes are chosen along and normal to the incline,

respectively. The components W, and W, are shown in Fig. E2-6(2). By (,
inspection, we see that both components are negative. Thus, L
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FIGURE E2-6(2)
W,=-Wcosa W =-Wsina
From the slope triangle (a 3-4-5 right triangle), we have

Y S
COSCE—S s:na—s

Therefore,
W, = —(00 lb)%
=—-601b < Ans.
W = —(100 Ib 2
=—-801b < Ans.
w—— EXAMPLE 2-7

Refer to Fig. E2-7. The rectangular components of a force F are given as F, =
—301b and F, = +401b. Determine the magnitude and direction of the force.

Fo=—301b
FIGURE E2-7
Solution. From Equation 2-3, the magnitude of the force is

F=VFZ+F}
=V/(=301b)? + (40 Ib)?
=501b
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From Equation 24, the reference angle « is

—3 =1 —y

X

= tan—l Iﬂ
=30

=53.1°

Since the force vector is in the second quadrant, from Equation 2-5b, the
angle # in the standard position is

0=180° -«
= 180° — 53.1°
= 126.9°

Thus,

F=501b ‘o 126.9° & Ans.

2-5
RESULTANTS BY RECTANGULAR COMPONENTS

The resultant of any number of concurrent coplanar forces can be
determined by using their rectangular components. Consider three copla-
nar forces F,, F,, and F, acting at point O, as shown in Fig. 2-9. The resultant
R of the three forces is

R=F,+F,+F,

F;
92 Fl

0,

63

Fy

FIGURE 2-9

Each force is resolved into its rectangular components. All the x compo-
nents are in the horizontal direction; hence, these components may be
added algebraically. Similarly, all the y components may be added alge-
braically. In terms of the direction angle in the standard position, we write
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Rx = (Fx)i # (Fx)z * (Fx):i

= Ficos 0, + F,cos 8, + F,cos o,
Ry == (Fy)} + (F;)z + (F;)S

= Fsin 6, + F,sin 6, + F,sin 6,

The components of the resultant are the algebraic sums of the corresponding
components of the forces. In general, for a system of coplanar forces, we write

R, =3F =%Fcos® R =3F =3Fsing (2-6)

where the symbol X (Greek capital letter sigma) stands for “summation.”
The direction angle 6 must be in the standard position. Once the scalar
components of the resultant are obtained, the magnitude and direction of
the resultant can be obtained from Equations 2-3, 2-4, and 2-5.

= EXAMPLE 2-8

Determine the resultant of the two forces F, and F, acting on the eye-bolt
shown in Fig. E2-8(1).

F2=100N 50° Flzsz

FIGURE E2-8(1)

Solution. The direction angles of
the forces in the standard position
are indicated in Fig. E2-8(2). Using
Equation 2-6, we write

R,=F,cos #, +F,cos 8,
= (200N) cos 30° + (100 N) cos 140° FIGURE E2-8(2)
= +96.6 N
R,=F,sin 6, + F,sin 0,
= (200 N) sin 30° + (100 N) sin 140°
= +1643 N
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Note that if the 50° angle from the y axis for F, is used, we must pay close
attention to the sign and the proper trigonometric functions to be used. We
write

R_= (200 N) cos 30° — (100 N) sin 50°
=+96.6 N

R, = (200 N) sin 30° + (100 N) cos 50°
=+1643 N

The magnitude of the resultant is

R=V(96.6 N + (1643 N)2 = 190.6 N

Since both components are positive, the resultant is in the first quadrant.
Thus, the direction angle is

R
= — - =1
6 = a = tan (—Z-R)

x

— (%) —~595°

R=1906N A_ 595° & Ans.

e EXAMPLE 2-9

Determine the resultant of the five forces in Example 2-3 by using rectan-
gular components. The diagram is reproduced here as Fig. E2-9.

FIGURE E2-9

Solution. The solution is presented in two methods.

(a) By Equation. Using the given angles as they are, we find

R =3F =E)+ Fyt By + By + (F)s
= 4+ (9) cos 60° — (8) sin 15° — (25) cos 30° — (3) cos 20°
= —18.04 kips




CH. 2/RESULTANT OF COPLANAR FORCE SYSTEMS

R, =3F,= (), + (), + (F), + F), + )
= 0+ (9)sin 60° — (8) cos 15 — (25) sin 30" — (3) sin 20°
= +27.0 kips

In the above equations, a plus or minus sign is assigned to each compo-
nent by inspection. Components along positive directions of the axes are
positive, and those along negative directions of the axes are negative. To
decide which trigonometric function to use, just remember that to get a
component opposite to the angle, the sine function of the angle must be
used, and to get a component adjacent to the angle, the cosine function
must be used. When making the calculation with a calculator, make sure
that the calculator is in the degree mode.

With the x and y components determined, the magnitude of the resultant is

R =\/(18.04 kips) + (27.0 kips)? = 32.5 kips

With a negative x component and a positive y component, the resultant is
in the second quadrant. Thus,

27.0
~18.04
6 =180° —a = 123.7°
R=325kips O 123.7° & Ans.

R
a =tan’! ’E‘y'l =itan! | ’ = 5637

(b) By Tabulation. When the number of forces involved is greater than
three, a solution in tabulated form is recommended. The x and y compo-
nents of each force are listed in the table below. The angle # of each force
must be in the standard position.

X component y component
Magnitude Angle F_ (kips) FY (kips)

Force F (kips) 0 (deg) =Fcos @ = F sinfl

F, 4 0 4.00 0

E; 9 60 4.50 7.79

E, 8 105 =2.07 7.73

Ey 25 150 —21.65 12.50

Eg 3 200 —2.82 = 1.08

b —18.04 +27.0

Thus,

R = —18.04kips R _= —18.04 kips

These are the same results obtained before.
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2-6
@  MOMENT OF & FORCE

Effects of a Force. A force tends to move a body along its line of
action. It also tends to rotate a body about an axis. For example, a pull on a
door knob (Fig. 2-10) causes the door to rotate about the axis through the
hinges. The ability of a force to cause a body to rotate is measured by a
quantity called the moment of the force.

FIGURE 2-10

Consider a wrench used to tighten a bolt, as shown in Fig. 2-11. The
rotating moment (also called the torque) produced by the applied force F
depends not only on the magnitude of the force, but also on the perpen-
dicular distance d from the center O of the bolt to the line of action of the

force. In fact, the turning effect of the force is measured by the product of F
and d.

|
[
]/

FIGURE 2-11

Definition of Moment. In the two-dimensional case, the moment M,
(Fig. 2-12) of a force F about a point O (called the moment center) is equal
to the magnitude of the force F multiplied by the perpendicular distance d
(called the moment arm) from O to the line of action of the force:

M,=Fd @D
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The units for moment are Ib - ft or Ib - in. in the U.S. customary units, and
N - m or kN - m in the SI units. .

0\ M,

FIGURE 2-12

Direction of Moments. In Fig. 2-13, we see that the two forces P and
Q cause the lever to rotate about the pivot point O in opposite directions.
The force P causes a counterclockwise (c.c.w.) rotation; thus, the moment
of P about O is c.c.w. The force Q, on the other hand, causes a clockwise
(c.w.) rotation; thus, the moment of Q about O is c.w. It is important to dis-
tinguish whether a moment is c.w. or c.c.w.

P

FIGURE 2-13

Summation of Moments. In the two-dimensional case, moments may
be added algebraically. A proper sign must be assigned to the moment,
depending on whether it is c.w. or c.c.w. In this book, unless stated other-
wise, a c.c.w. moment will be considered positive and a c.w. moment will be
considered negative.

=== EXAMPLE 2-10

A 500-N force is applied to the end of a lever pivoted at point O [see Fig.
E2-10(1)]. Determine the moment of the force about O if (a) 6 = 30°, (b) 6
=120°, (c) 6 = 90°, and (d) 8 = 50°.

FIGURE E2-10(1)
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Solution. The moment about O will be determined by definition as follows.

(@) 8 = 30° for a Vertical Force. Refer to Fig. E2-10(2). The moment
armd is

d = (0.2 m) cos 60°
=0.1m

FIGURE E2-10(2)

The moment of the force about O is
M, =Fd
= —(500 N)(0.1 m)
=—-50N-m

Since the force tends to rotate the lever clockwise about O, the moment is
clockwise.

M,=50N-m C & Ans.

(b)) 6 = 120° for a Horizontal Force. Refer to Fig. E2-10(3). The
moment arm and the moment are

d = (0.2 m) sin 60°
=0.1732 m
M,=Fd
= —(500 N)(0.1732 m)
=—866N-m a
=866N-m O & Ans.

FIGURE E2-10(3)
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(c) 8 = 90° for a Perpendicular Force. See Fig. E2-10(4). In this case
the entire length of the lever is the moment arm and the moment of the
force about O has the maximum value.

M, =Fd
= —(500 N)(0.2 m)
=—100N-m
=100N-m C < Ans.

FIGURE E2-10(4)

(d) 6 = 50° for an Inclined Force. Figure E2-10(5) represents a more
general case. The moment arm can still be determined easily as:

d = (0.2 m) sin 50°
= (.1532 m

FIGURE E2-10(5)

The moment of the force about O is

M,=Fd

—(500 N)(0.1532 m)

=—-76.6N-m

76.6N-m O & Ans.

Il
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2-7
VARIGNON'S THEOREM

Varignon'’s theorem states that the moment of a force about any point is
equal to the sum of the moments produced by the components of the forces
about the same point. This theorem was established by the French mathe-
matician Varignon (1654-1722). A formal proof of this theorem will not be
given here. Intuitively, we see that any force can be resolved into compo-
nents without altering its effect, so the sum of the moments of the compo-
nents must be the same as the moment of the force itself.

Since the moment arm of a force is often hard or impossible to deter-
mine, Varignon’s theorem is very useful for finding the moment of a force.
In Fig. 2-14, if the coordinates of the point of application A of the force are
(x, ¥,), then the moment of the force about the origin O in terms of its rec-
tangular components is

M,=Fx,—Fy, (2-8)

FIGURE 2-14

The principle of transmissibility is also helpful in calculating the moment
of a force. Using this principle, the point of application of a force acting on
a rigid body may be placed anywhere along its line of action. We see that
the moment arm is clearly independent of the point of application of a
force. Therefore, as long as the magnitude, the direction, and the line of
action of a force are defined, the moment of a force about a given point may
be determined by placing the force at any point along its line of action. For
example, to find the moment of the force F (at A) in Fig. 2-15a about point
O, we can resolve the force into rectangular components at B on the line of
action of the force, as shown in Fig. 2-15b. Since the component F, passes
through the moment center O, it produces no moment about O. As a result,
the moment of the force about O is simply

M, =F,x,

(a) (b)

FIGURE 2-15
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= EXAMPLE 2-11
Determine the moment of the 100-1b force about point B in Fig; E2-11(1). .

F=1001b

| 81t J

FIGURE E2-11(1)

Solution. The moment will be determined in three ways to illustrate dif-
ferent methods of solution.

(@) By Definition. From the geometry shown in Fig. E2-11(2), the
moment arm d is

CD = AD/ tan a
=41/ 4/3)
=3ft

BC=BD - CD
=8ft—3ft
=5ft

d = BCsin a

= (5 ft)(4/5)

FIGURE E2-11(2)
By the definition of moment, we get

M, = Fd
= +(100 Ib)(4 ft)
= +4001b - ft

which is a counterclockwise moment. Thus,




SEC. 2-7/VARIGNON’S THEOREM 61

M, =4001b-ft O & Ans.

(b) By Varignon’s Theorem. Refer to Fig. E2-11(3). Resolve the force
into horizontal and vertical components at A. The vertical component pro-
duces a counterclockwise moment and the horizontal component produces
a clockwise moment. Thus,

M, = (80 1b)(8 ft) — (60 Ib)(4 ft)
=+4001b-ft O

80 Ib

A 60 1b

41f

FIGURE E2-11(3)

(c) By the Principle of Transmissibility.
Refer to Fig. E2-11(4). The force may be con-
sidered to act at C, where the force is
resolved into horizontal and vertical compo-
nents. The line of action of the horizontal

AN

¢ 601b
component passes through point B and pro- FIGURE E2-11(4)
duces no moment about the point. Hence,

M, = +(80 Ib)(5 ft)
=+4001b-ft O

EXAMPLE 2-12

Determine the maximum clockwise moment that can be produced by a 10-
kN force exerted on the rectangular plate about the corner A in Fig. E2-12(1).

05m|

A

1.2m

FIGURE E2-12(1)

Solution. To produce the maximum moment, the moment arm must be a
maximum. See Fig. E2-12(2). This occurs when the point of application is at
the opposite corner B and the line of action of the force is perpendicular to
the diagonal AB. The moment arm is
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d=AB

=V(1.2m) + (0.5 m)? .
=13m
— B
0.5m /,d‘l/,
- 10 kN
A 1.2m
FIGURE E2-12(2)

The maximum moment is

M, =Fd
= (10 kN)(1.3 m)
=13kN-m O < Ans.

COUPLE

Effect of a Couple. Two equal and opposite forces having parallel
lines of action form a couple. Figure 2-16a shows a couple formed by two
such forces. The sum of the two forces is zero. The sum of the moment of
the two forces, however, is not zero. The effect of a couple acting on a rigid
body, therefore, is to cause the rigid body to rotate about an axis perpen-
dicular to the plane of the forces.

(a) (b)
FIGURE 2-16

Moment of a Couple. Denoting the perpendicular distance between
the two forces by d, the moment of a couple about an arbitrary point O is
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M=Fa+d) —Fa=Fd (2-9)

Since O is an arbitrary point, the moment of a couple about any point is
equal to the magnitude of the forces times the perpendicular distance between
the forces. Fig. 2-16b shows an alternative representation of a couple. A cou-
ple can be placed anywhere in the plane of the forces.

Equivalent Couples. Two couples acting on the same plane or paral-
lel planes are equivalent if they have the same moment acting in the same
direction; that is, two couples are equivalent if both the magnitude and the
direction of their moments are equal.

Addition of Couples. The addition of two or more couples in a plane
or parallel planes is the algebraic sum of their moments. Unless specified
otherwise, we will treat a c.c.w moment as positive and a c.w. moment as
negative.

EXAMPLE 2-13

Determine the moment of the couple applied to the torque wrench shown
in Fig. E2-13 if the magnitude of F is 40 Ib.

| 9in. ! 9in. -

FIGURE E2-13

Solution. The perpendicular distance between the two forces is

d=9in. + 9in.
=18 in. =15t

By definition, the moment of the couple is

M=Fd
= +(40 Ib)(1.5 ft)
= 4601b - ft

which produces a c.c.w. torque on the nut. Thus, the moment of the
couple is

M=601b-ft O & Ans.

NARNAS




64 CH. 2/RESULTANT OF COPLANAR FORCE SYSTEMS

Two couples act on the rectangular plate shown in Fig. E2-14(1).

(a) Determine the resultant moment of the two couples.

(b) Replace the couples by an equivalent couple formed by two smaller
forces applied at the corners A and C.

Q=10kN

P=7kN

mm  mm

FIGURE E2-14(1)

Solution.

(a) Resultant Moment. Because the perpendicular distance between
Q and —Q cannot be determined readily, the forces are resolved into hori-
zontal and vertical components, as shown in Fig. E2-14(2). Now the two
horizontal components form a c.w. couple and the two vertical components
also form a c.w. couple. The resultant moment of the couples is the alge-
braic sum of the moment of each couple. Thus, .

M = +(7 kN)(0.6 m) — (8.66 kN)(0.6 m) — (5 kN)(0.4 m)

= —3.00 kN - m
=300kN-m C < Ans.
5kN
D1 8.66 kN g e
M—' O.GIm
A i lv 7 kN
8.66 kN l B
SkN
FIGURE E2-14(2)

(b) Equivalent Couple. The equivalent couple is formed by two equal
and opposite forces F and —F applied at the corners A and C shown in Fig.
E2-14(3). If the forces are to be the smallest, they must be perpendicular to
the diagonal AC. Thus,
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d = V(0.8 m)? + (0.6 m)?

=10m
Fd=M
_M
e
_ 3.00kN-m
e & T
= 3.00 kN
D c
//
41 =
F4 p P, 0.6 m
34 08m B
FIGURE E2-14(3) 2
The equivalent couple is formed by two forces 5_'
F = 3.00 kN & at A and —=F at C < Ans. :':
3
s

2-9
REPLACING A FORCE WITH A FORCE-COUPLE SYSTEM

Two systems of forces are said to be equivalent if they produce the same
mechanical effect on a rigid body. The mechanical effect of any system of
forces on a rigid body is characterized entirely by the resultant force and
the resultant moment of the system. Hence, we define equivalent force sys-
temns as follows.

Equivalent Force Systems. Systems of forces are said to be equivalent
if they have the same resultant force and the same resultant moment about the
same point.

Force-Couple System. Consider a force F acting on a rigid body at
point A (Fig. 2-17a). Suppose that it is necessary to move the force to
another point B. From the principle of transmissibility, we know that we can
move the force to any point along its line of action, but we cannot move the
force to any point B. We may, however, add two equal and opposite forces
F and —F at point B (Fig. 2-17b) without altering the mechanical effect of
the original force. Now we have a force F at B, and a couple formed by force
F at A and force —F at B. The moment of the couple is
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M =Fd (2-10)

where d is the perpendicular distance from point B to the line of action of the
given force at A. We see that the moment M is simply the moment of the orig-
inal force at A about point B. Since the moment of the couple about any point
is the same, it may be placed anywhere in the plane. For convenience, how-
ever, the force and the couple are usually shown to act at the same point B
(Fig. 2-17¢) and we refer to this combination as a forcecouple system. Thus,
any given force may be moved to another point without changing its mechanical
effect, provided that an appropriate couple is added. The couple has a moment
produced by the given force about the point where the force is to be located.

-4

= EXAMPLE 2-15

Replace the 2-kN force F shown in Fig. E2-15(1) with the force-couple
system at point B.

(a)

FIGURE 2-17

FIGURE E2-15(1)

Solution. Refer to Fig. E2-15(2). The force F can be moved from point A
to point B, provided that a suitable couple is introduced. The moment of
the couple is equal to the moment of the force at A about point B. We have

My = — (2kN)(0.3 m + 0.09 m)
=-0.78kN-m C < Ans.

Thus, the single force at A is now replaced by an equivalent force-couple
system at point B, as shown in Fig. E2-15(2).
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0.78 kN - m

FIGURE E2-15(2)

2-10
RESULTANT OF A NONCONCURRENT COPLANAR FORCE SYSTEM

In a concurrent coplanar force system, the line of action of the resultant
passes through the common point. In a nonconcurrent coplanar force sys-
tem, there is no point of concurrency, so the location of the line of action of
the resultant is not immediately known.

The magnitude and direction of the resultant can be calculated by using
the rectangular components of the forces, similar to the method used for
the concurrent coplanar force system. First, we choose convenient x and y
coordinate axes and then resolve each force into rectangular components.
The components of the resultant are the algebraic sums of the corresponding
components of all the forces in the system. We write

R =3F, R, =SF, (2-11)

From these components, the magnitude and direction of the resultant
can be determined. Now the location of the line of action of the resultant
can be determined by the requirement of the moments. If two force systems
are equivalent, the resultant moments of the two systems about an arbi-
trary point must be equal. Consider the given force system F, F,, F,, and F,
acting on the beam shown in Fig. 2-18. The resultant R of the given force
system is assumed to act through point C at distance X to the right of point
A. The moment of R about A must be the same as the sum of the moments
of the given forces about A. Note that R_passes through A, so it produces
no moment about A. We write

R %=3M,

From which X can be solved.

FIGURE 2-18
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= EXAMPLE 2-16

Three forces are applied to the beam shown in Fig. E2-16(1). Find the resul- .
tant of the three forces and the location of the resultant.

SOON 200N 450N

4
A BY3 C D

fe—1.5m ! 1.5m !1m~°]
FIGURE E2-16(1)

Solution. The x and y coordinate axes are selected as shown in Fig.
E2-16(2). The 500-N force is resolved into x and y components.

b 450N 200N 450N

A B [ ]D "
300N
e—1.5m 1.5m I'm

FIGURE E2-16(2)

Resultant. Summing up the corresponding components, we get .

R, =3R,
= —300N «

R=13R
= —400 N + 200 N — 450 N
= —650N !

From the components of the resultant, we see that it is a vector in the third
quadrant. The magnitude and direction of the resultant are

R="V(-300N)2+ (-650 N)2 =716 N

a = tan! I%
— 65.2°
6 = 180° + 65.2°
g = 245.2°
! R=716N (= 24520 & Ans.

Location of Resultant. To determine the location of the resultant, we
need to find the sum of the moments of the forces about A.

TN NS
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SM, = —(400 N) (15 m) + (200 N) (3.0 m) — (450 N)(4.0 m)
=-1800N-m O

Since R is downward, the resultant R must be to the right of point A to pro-
duce a clockwise moment about A. Equating the moment of R about point
A to the moment found above, we write

(O +): (650 N)x = 1800 N - m

From which we get

x=+277Tm < Ans.

e EXAMPLE 2-17

For the given force system acting on the bracket shown in Fig. E2-17(1), find
the resultant and the point of intersection of the resultant along AD.

E 601b 300 1b

T E
1ft B1ftCy 15t D
2ft A—= 1201b - ft
i 5201b
|
F

200 Ib
L1 ! i | 15t !F L .
FIGURE E2-17(1) FIGURE E2-17(2)

Solution. Refer to Fig. E2-17(2). The two 60-Ib forces acting in opposite
directions form a couple. The moment of the couple is

M = (60 1b)(2 ft)
=1201b-ft O

The couple is represented by its moment, and the 600-Ib force is replaced
by its rectangular components.

Resultant. The components of the resultant are

R.=F,
= —5201b —

R, =F,
~ 200 1b — 300 Ib
- —5001b |

The resultant is a vector in the third quadrant. The magnitude and direction
of the resultant are
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R = V(=520 1b)Z + (=500 Ib)?

= 7211b
500
= -1|— — P
a = tan | 250 | =439
6 = 180° + 43.9°
= 223.9°
R=7211b — 2239° & Ans.

Location of Resultant. To determine the location of the resultant, we
need to sum up the moment of the forces about A.

=M, = —(200 Ib) (1.0 ft) — (300 1b) (2.0 ft) + 120 1b - ft
=—6801b-ft C

Note that the moment of a couple is independent of the moment center, so
the moment of the couple about A remains 120 1b - ft. Since R is downward,
the resultant R must be to the right of point A to produce a clockwise
moment about A. Equating the moment of R about A to the moment found
above, we write

(G +): (500 1b) x = 680 1b - ft
From which we get

+1.36 ft < Ans.

=
Il

= EXAMPLE 2-18

Determine the resultant of the three forces and a couple acting on the plate
shown in Fig. E2-18(1). Find the point of intersection of the resultant along
the x and y axes.

(o]

FIGURE E2-18(1)

Solution. The 40-kN force is replaced by its rectangular components and
the couple is moved to point O, as shown in Fig. E2-18(2).
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y

SKN

i |

— . S PT
1m 3m

mkN—t—-o

L'm AAJ40KN - m
t x

o 1!

FIGURE E2-18(2)

Resultant. The components of the resultant are

R =38
= 20 kN + 34.6 kN
—546 kN —

R,=3F,
= 20kN — 5 kN
~150kN |

Thus, the resultant is a vector in the first quadrant. The magnitude and
direction of the resultant are

R ="V({546 kN)? + (15 kN)?

= 56.6 kN
15
= == -1 —
6 =a =tan 54.6
= 15.4°
R =56.6 kN = 154° < Ans.

Location of Resultant. To determine the location of the resultant, we
need to find the sum of the moments of the forces about O.

SM,, = —(20 kKN)(1.0 m) — (34.6 kN)(2.0 m) — (5.0 kN)(3.0 m) + 140 kN - m
=435.7kN-m O

The resultant R must be to the right and below point O to produce a
counterclockwise moment about O. i
At the x intercept, R produces no moment about O. Equating the v
moment of Ry about O to the moment found above, we write

(O+):(150kN) x = 35.7kN - m

From which we get
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At the y intercept, R, produces no moment about O. Equating the
moment of R_about O to the moment found above, we write

(O+): (546 kN) [¥| =35.7kN-m
From which we get
[¥] = 0.654 m Fap—
The location of the resultant is indicated in Fig. E2-18(3).

¥

~— 238 m—-‘ f:j,ﬁ-‘“
=T
0.654 m I 0* _ —— " xintercept
y

intercept

FIGURE E2-18(3)

‘1‘-%&:’

RESULTANT OF DISTRIBUTED LINE LOADS

Distributed Load. A distributed load occurs whenever the load applied
to a body is not concentrated at a point. A distributed load could be exerted
along a line, over an area, or throughout an entire solid body. This section
deals only with distributed line loads. Examples of such loading include the
weight of a beam or the load from the floor system that the beam supports,
and loads caused by wind or liquid pressure.

Load Intensity. A distributed load along a line is characterized by a
load intensity expressed as force per unit length. For example, a load inten-
sity of 1000 Ib/ft, or 1 kip/ft, means that a load of 1000 Ib, or 1 kip, is dis-
tributed over 1 ft length. In S.I. units, the load intensity is in N/m or kN/m.

Uniform Load. A distributed load with a constant intensity is called a
uniform load. A uniform load may be represented by a loading diagram in
the shape of a rectangular block, as shown in Fig. 2-19a. The uniform inten-
sity w is represented by the height of the block, and the length of distribu-
tion b is represented by the width of the block. The weight of a beam of
uniform cross-section is an example of a uniform load.
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(a)

FIGURE 2-19

Triangular Load. A triangular load is a distributed load whose inten-
sity varies linearly from zero to a maximum intensity w. A triangular load
may be represented by a loading diagram in the shape of a triangle, as
shown in Fig. 2-19b. Liquid pressure can be represented by a triangular load.

Equivalent Concentrated Force. For the purpose of determining the
resultant of a force system, each distributed load may be replaced by its
equivalent concentrated force. It will be established later in Section 7-5 that
a distributed line load may be replaced by an equivalent concentrated force
having a magnitude equal to the area of the loading diagram and a line of
action passing through the centroid of the loading diagram. The equivalent
concentrated forces of a uniform load and a triangular load are shown in
Fig. 2-20a and b, respectively.

F=wb F=%Wb

b b
(a) (b)
FIGURE 2-20

Trapezoidal Load. A load diagram in the shape of a trapezoid can be
treated as a uniform load plus a triangular load, as shown in Fig. 2-21a. The
general case of distributed load shown in Fig. 2-21b will be treated later in
Section 7-5.

w = f(x)

(a) (b)
FIGURE 2-21
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= EXAMPLE 2-19

Determine the equivalent resultant force of the distributed loads on the
beam in Fig. E2-19(1), and specify its location along the beam.

5 kN/m
2 kN/m
A B
| 2m | 36m |
T T =
FIGURE E2-19(1)

Solution. The loading diagram is divided into a rectangle and a triangle,
as shown in Fig. E2-19(2). The rectangle represents a uniformly distributed
load of a constant intensity of 2 kN/m. The triangle represents a load with
an intensity varying linearly from 0 to 3 kN/m.

*2 |
X
I F,
F] ’,-—I_-
P :::_ G _ I _3kNIm
C, _} 2kN/m
A T
2m 3.6m
56m
FIGURE E2-19(2)

Resultant. The distributed loads may be replaced by their equivalent
concentrated forces of magnitudes equal to their associated areas. We have
F, = (2 kN/m)(5.6 m)
=11.2kN
1
F,= 5(3 kN/m)(3.6 m)
= 5.4 kN
The line of action of each equivalent concentrated force passes through the

centroid of the associated area of its loading diagram. The distances from A
to the lines of action of the forces are

x, = %(5.6 m)
=28m

X,=2m+ %(3.6 m)
=44m

NN

=
.
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The magnitude of the resultant is

(| +xr=F+F,
= 11.2KN + 5.4 kN
R=166kN | & Ans.

Location of Resultant. Refer to Fig. E2-19(3). The distance X from A
to the line of action of R may be obtained by equating the moment of R
about A to the sum of the moments of F, and F, about A. We write

(C +): (16.6 kN)x = (11.2 kN)(2.8 m) + (5.4 kN)(4.4 m)

From which we get

x=332m ' < Ans.
= : R=166kN
11L.2kN]| 54kN
1
AL ‘ 1B
2 2.8m R
4.4 m
FIGURE E2-19(3)
P

EXAMPLE 2-20

Determine the equivalent resultant force of the loads acting on the beam
shown in Fig. E2-20(1), and specify the location of the resultant along the

beam.
1 kip/ft e
A B
L3 2t ! 2t ! 26 ]
FIGURE E2-20(1)

Solution. Note that this combined loading consists of a concentrated
load, a uniform load, and a triangular load.

Resultant. The two distributed loads may be replaced by their equiv- f,'
alent concentrated forces of magnitudes: /7
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F, = 5 Kip/)(3 1)

= 1.5 kips
F, = (1 kip/ft)(2 ft)

= 2 kips
Each of the equivalent concentrated I 3
forces acts vertically downward I5kips 2kips | R=9.5kips
through the centroid of the associ- PRI Qi
ated area of its loading diagram, as L | } {
shown in Fig. E2-20(2). The magni- AL — #
tude of the resultant is [ 2f |Lft[1f|1fe] 2/ | 2/

T |
FIGURE E2-20(2)
(| +):R=3F, = 15kips + 2 kips + 6 kips
= 9.5 kips
R = 95 kips | & Ans.

Location of Resultant. The distance X from point A to the line of
action of R may be obtained by equating the moment of R about A to the
sum of the moment of the forces about A. We write

(G +): (9.5 kips)x = (1.5 kips)(2 ft) + (2 kips)(4 ft) + (6 kips)(7 ft)
From which we get

x =5.58ft < Ans.

The bracket ABC is subjected to a uniform load and a trapezoidal load, as
shown in Fig. E2-21(1). Replace the loads with an equivalent resultant force
and specify its location along BC measured from the fixed end C.

5 kN/m

9 kN/m

FIGURE E2-21(1)

Solution. The trapezoidal load is divided into a uniform load and a
triangular load, as shown in Fig. E2-21(2).
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SkN/m 4 kN/m

FIGURE E2-21(2)

Resultant. The equivalent concentrated forces of the distributed
loads are
F, = (5kN/m) (6 m) =30 kN
F,= (4kN/m) 3m) = 12kN
F,= %(5 kN/m)(3 m) = 5 kN
Each equivalent concentrated force passes through the centroid of the
associated area of its loading diagram, as shown in Fig. E2-21(2). Refer to
Fig. E2-21(3). The components of the resultant force are
R, =3F,=12kN+5kN=17TkN —
R,=SF,= -30kN |

R=345kN ¥ 605° & Ans.
30 kN ,
,
Im l 3m 2
B cy
1.5m 2m
12 KN |
5 KN e
A
FIGURE E2-21(3)

Location of Resultant. Refer to Fig. E2-21(3). The resultant moment
of the forces about Cis

(O +): ZM, = (30 kN)(3m) + (12 kN)(1.5 m) + (5 kN)(2 m)
=118kN-m O

The single resultant force acting at point D along BC in Fig. E2-21(4) must
produce the same c.c.w. moment about C as calculated above. We write
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(O+):@B0OkN)X=118kN-m .

From which we get

RSN

FIGURE E2-21(4)

B

2-12
SUMMARY

Resultant. A system of coplanar forces acting on a rigid body may be
replaced by a single equivalent force called its resultant, which will produce
the same mechanical effect to the rigid body as the given system. The deter-
mination of the resultant of a given coplanar force system is the major topic
of this chapter.

Parallelogram Law. The resultant of two concurrent coplanar forces
can be determined graphically by using the parallelogram law or the trian-
gular rule. The resultant of three or more concurrent coplanar forces can be
determined graphically by using the polygon rule.

Rectangular Components. Two mutually perpendicular components
whose resultant is equal to a force are called the rectangular components of
the force. If the magnitude and direction angle of a force are known, then
the rectangular components are

F,=Fcosd  F,=Fsing (2-2)

where the direction angle # must be measured in the standard position.
When the rectangular components of the force are given, the magnitude
and direction of the force may be determined from

F= VTP @-3)

and the reference angle « is
F

ol
F,

a =tan™!

29
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The direction angle 6 in the standard position can then be determined.

Component Method. The resultant of any number of concurrent
coplanar forces may be obtained by using the component method. First,
each force is resolved into the x and y components. Then the components
of the resultant can be determined from

RIZEF;; Ry:E]-’; (2-6)

From the two components R, and R, the magnitude and direction of the
resultant R can be determined. The line of action of the resultant R must
pass through the common point of the given concurrent force system.

Moment. The moment of a force about a moment center is defined as
the product of the magnitude of the force and the moment arm, which is the
perpendicular distance from the moment center to the line of action of the
force. Sometimes it is more convenient to determine the moment of a force
by using its components. Varignon'’s theorem states that the moment of a
force about a point is equal to the sum of the moments of the components
of the force about the same point. By using the principle of transmissibility,
it is more convenient to resolve the force into rectangular components at a
point along its line of action, where only one component produces a
moment about the given point.

Couple. A couple is produced by two equal, opposite, and noncollinear
forces. The moment of a couple is equal to the magnitude of the force mul-
tiplied by the perpendicular distance between the two forces. A couple is
characterized by its moment, which is independent of the moment center.
Two couples on the same plane or parallel planes are equivalent if they
have moments of the same magnitude and direction.

Force-Couple System. A force acting on a rigid body may be replaced
by an equivalent force-couple system at an arbitrary point O consisting of
the force applied at O and a couple having a moment equal to the moment
about O of the given force at the original location.

Resultant of a Nonconcurrent Coplanar Force System. A noncon-
current coplanar force system can be replaced by a single resultant force.
The components of the resultant force may be determined the same way as
those of the concurrent coplanar force system. From the two components,
the magnitude and direction of the resultant can be determined. The loca-
tion of the line of action of the resultant must be such that its moment about
O will be equal to the sum of the moments of the given forces about O.

Resultant of Distributed Line Loads. For the purpose of determining
the resultant of a force system, each distributed force is replaced by its
equivalent concentrated force as follows:

For uniform load: ~ F = wb acting through the midpoint of length b

For triangular load: F = jwb acting through the centroid of the triangle
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PROBLEMS
Section 2-3 Resultant of Concurrent Forces

2-1

P

Determine graphically the magnitude 454y

and direction of the resultant of the 80 kN
two forces shown in Fig. P2-1 using 25° 10°
(@) the parallelogram law and (b) the
triangle rule.

FIGURE P2-1

Solve Problem 2-1 by the trigonometric method.

Determine the magnitude and direction 150N
of the resultant of two forces acting on

the eye hook shown in Fig. P2-3 by (a)

the graphical method and (b) the
trigonometric method.

85N

Determine the magnitude and direction of the resultant of the two forces
acting on the bracket shown in Fig. P2—4.

Ie
20° S5kN

FIGURE P24

Determine the magnitude of the force P so
that the resultant of the two forces acting
on the block shown in Fig. P2-5 is vertical.

FIGURE P2-5




PROBLEMS 81

HN 2-6 A trolley is acted on by two forces as
. shown in Fig. P2-6. If P = 3.5 kN, find the
value of angle a so that the resultant of the

forces is in the vertical direction.

2-7  If @ = 40° for the force P acting on the
trolley shown in Fig. P2-6, find the mag-
nitude of force P so that the resultant of FIGURE P2-6
the two forces is vertical.

W 2-8 If the resultant of the two forces P and Q
acting on the ring in Fig. P2-8 is a vertical
force equal to 45 kN, find the magnitude
and direction of force Q.

P=35kN

FIGURE P2-8

2-9 A barge is pulled by two tugboats as
shown in Fig. P2-9. The tension in
cable ACis 1000 lb. Determine the ten-
sion in cable AB if the resultant of the
cable tensions is along the x axis.

FIGURE P2-9

# 2-10  The resultant of cable tension T and a
5kN weight must act along the axis of
boom AB of the derrick shown in Fig.
P2-10. Determine (a) the magnitude of
tension T if & = 30°, and (b) the value of
angle 6 for which the tension T is a mini-
mum.

FIGURE P2-10
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2-11 To have compressive soil pressure exist over the entire base of a gravity
dam, the resultant of the forces acting on the dam above the base must pass
through the middle third of the base. For the gravity dam shown in Fig.
P2-11, the force W represents the weight of the dam for a one-foot section.
The total water pressure acting on the one-foot section is represented by
the horizontal force P. Determine the resultant of W and P. Is it within the
middle third of the base?

2ft

i W=52501b 0a

FIGURE P2-11

2-12 Determine by the graphical method the 201b
resultant of the three forces acting on

the eye hook shown in Fig. P2-12. Sk

2-13 Determine by the graphical method the
magnitude and direction of the resultant o
of the four forces shown in Fig. P2-13.

TkN

FIGURE P2-13




PROBLEMS 83
Section 2-4 Rectangular Components

2-14t0 2-17 Determine the x and y components of the forces shown in Figs. P2-14

to P2-17.
y v
15kN
O X
30° 40°
o ) 460 1b

FIGURE P2-14 FIGURE P2-15

2 2001b

o0 x
30°
* 35°
250N

FIGURE P2-16

2-18 Refer to Fig. P2-18. Prove that the x and
y components of a force acting in a direc-
tion indicated by the ratio h:v are

h v
FE=ve+ef F=VE+af

FIGURE P2-18

2-19 and 2-20 Find the x and y components of the forces shown in Figs. P2-19 and
P2-20 by using the formulas in Problem 2-18,

y ¥
10 kips
21
20

o ]

FIGURE P2-19 FIGURE P2-20
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2-21 and 2-22 Find the x and y components of the forces P and Q shown in Figs.
P2-21 and P2-22.

y Q= 10kips
P =15 kips

S
1 in.

LW

T
FIGURE P2-21

Y P=26kN
N .
\\\Q=25kN

150 mm .

200 mm——-l
FIGURE P2-22

2-23 Find the x and y components of the weight of
the block shown in Fig. P2-23. FIGURE P2-23

Section 2-5 Resultants by Rectangular Components

2-24 to 2-27 Determine the magnitude and direction of the resultant of the force
systems shown in Figs. P2-24 to P2-27.

101b 51

15° 201b

#‘J‘/ FIGURE P2-24 FIGURE P2-25
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FIGURE P2-26 FIGURE P2-27

2-28 A collar that slides freely on a horizontal rod is subjected to the three forces
shown in Fig. P2-28. Determine the angle 6 for which the resultant of the
three forces is vertical.

70 1b 150 1b
80 1b 25°
8
]

y 15 y
/] v
l/

? /
[/

2 4

FIGURE P2-28

_ . Section 2-6 Moment of a Force
Section 2-7 Varignon's Theorem

2-29  Refer to Fig. P2-29. Determine the moment of the 10-kN force about point O.
Hw
10 II:N

2m |

FIGURE P2-29

2-30 Refer to Fig. P2-30. Determine the moment of the 10-kip force shown about
A by (a) using the definition directly and (b) resolving the force into hori-
zontal and vertical components.

10 kips
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2-31 Refer to Fig. P2-31. Determine the
moment of the 50-1b force about point
A by resolving the force into horizontal
and vertical components.

2-32 Rework Problem 2-31 by resolving the
force into components along and per-
pendicular to AB.

2-33 Refer to Fig. P2-33. Determine the
moment of the 2000-N force shown
about A by (a) using the definition
directly, (b) resolving the force into
horizontal and vertical components at
C, and (c) resolving the force into com-
ponents at D.

Hv 2-34 Refer to Fig. P2-34. Determine the
moment of the 200-N force about point
Bif a is 60°.

2-35 Refer to Fig. P2-34. Determine (a) angle
« for which the moment of the 200-N
force F about point B is a maximum
and (b) the maximum moment.

2-36 Refer to Fig. P2-36. Determine the
total moment of the two forces about
point O.
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2-37  Determine the total moment of the three forces about point D in Fig. P2-37.

Huw

1251b

FIGURE P2-37

Refer to Fig. P2-38. Determine (a) the
moment of the 400-Ib force about
point O, (b) the magnitude and direc-
tion of a vertical force applied at B
that will produce the same moment
about O, and (c¢) the smallest force
applied at C that will produce the
same moment about O.

Refer to Fig. P2-39. Determine the
moment of the 50-kN force about (a)
the center O and (b) point B.

Section 2-8 Couple

2-40 to 2-42 Determine the moment of the

couple acting on the bodies shown in
Figs. P2-40 to P2-42.

o

- FIGURE P2-39
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4 J
10 ft

305

100 1b

FIGURE P2-41

FIGURE P2-42

2-43 and 2-44 Determine the resultant moment of the couples acting on the
bodies shown in Figs. P2-43 and P2—44.

200 mm 12 kN

100 mm

12 kN

3kN 3kN

2-45 Two couples are applied to the 3-ft by 4t rectangular plate shown in Fig.
P2-45. Prove that the total moment of the couples is zero by (a) adding the
moment of the couples and (b) showing that the resultant of the two forces
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acting at the corner 4 is equal to, opposite to, and collinear with the resul-
tant of the two forces acting at the corner B.

900 1b
1200 1b A4k
900 Ib
FIGURE P2-45

2-46  The angle bracket shown in Fig. P2—46 is subjected to the two 5kN forces
applied at points A and B. Replace these forces with an equivalent system
consisting of the 7-kN force applied at point C and a second force applied at
point D. Determine the magnitude and the direction of the second force at
D and the distance CD.

kN

l

TkN

5kN

FIGURE P2-46

2-47 The plate in Fig. P2-47 is subjected to a system of forces that form three
couples as shown. Determine the resultant moment of the couples.

ISON 200N

FIGURE P2-47




90 CH. 2/RESULTANT OF COPLANAR FORCE SYSTEMS

Section 2-9 Replacing a Force with a Force-Couple System .

2-48 Replace the 5kN horizontal force on
the lever in Fig. P2-48 with an equiva-
lent force-couple system at O.

2-49 Replace the 10-kip force acting on the 10 kips
post in Fig. P2-49 with an equivalent i
force-couple system at C.

FIGURE P2-49

2-50 Replace the 2-kip force in Fig. P2-50
with an equivalent force-couple sys-
tem at B.

FIGURE P2-50

2-51 Replace the 600-b force acting on the connection in Fig. P2-51 with an
equivalent force-couple system at the center of rivet B.
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v\’ 2-52  Refer to Fig. P2-52. Replace the 500-N force applied to the bracket at A with
an equivalent force-couple system at B.

500N

I 800 mm {

FIGURE P2-52

2-53 Replace the 20-1b force exerted on the wrench in Fig. P2-53 with an equiva-
lent force-couple at O.

201b

FIGURE P2-53

2-54 In designing the lift hook shown in Fig. P2-54, we must
replace the 5-ton force with a force-couple at point B
of section a—a. If the moment of the couple is 2500 Ib-
ft, determine the distance d.

FIGURE P2-54
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Section 2-10 Resultant of a Nonconcurrent Coplanar Force System

2-55

Replace the force and couple in Fig.
P2-55 with a single force applied at a T 20k
point on the diameter AB. Determine S

the distance from the center O to the
point of application of the single force.

FIGURE P2-55

Replace the force and couple in Fig.
P2-56 with a single force acting at a
point along AB.

Replace the force and couple in Fig. S
P2-57 with a single force applied at a
point along AB.

If the force-couple exerted on the beam in Fig. P2-58 can be replaced with
an equivalent single force at B, find the magnitude of force F.

FIGURE P2-58
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2-59 If the 350-N force and the couple M in Fig. P2-59 can be replaced with an
equivalent single force at the corner C, determine the moment of the couple.

350 N 2

100

50 mm

FIGURE P2-59

2-60 Refer to Fig. P2-60. Reduce the forces acting on the beam to a single resul-
tant force and determine its point of application along AB.

400N 500 N 300N 200N
A B
! 3m ! 2 m ! ZmJ
FIGURE P2-60
2-61 Refer to Fig. P2-61. Determine the ol f
height of the point above the base B 3;“
through which the resultant of the 130 1b —
three forces passes. 3ft
90 1b
3fi
A
FIGURE P2-61

2-62 The trolley shown in Fig. P2-62 can be moved freely along the rail.
Determine the location of the resultant of the two forces from point A when
(a)a=2mand (b)a=3m.

4 kN

——a 12 kN
4m |

FIGURE P2-62
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2-63 Explain why the resultant of the three forces acting on the beam in Fig.
P2-63 always passes through point A for any value of force F.

F 250 b 100 Ib

2ft 3ft 2 ft
A B

FIGURE P2-63

2-64 Find the magnitude, direétion', and location of the resultant of the three
forces acting on the beam in Fig. P2-64.

9 kips 10 kips 13 kips
12
5
A B
! 6ft ! 6ft !
FIGURE P2-64

2-65 Refer to Fig. P2-65. Determine the magnitude of the vertical force F if
the resultant of the three forces acting on the crank passes through

the bearing O. .

FIGURE P2-65

2-66 Determine the resultant of the four forces on the truss in Fig. P2-66 and its
location along AB.

3 kips 4 kips 6 kips

|

A B |

i 3 5 kips
gft—=—381t 8 ft 8ft

FIGURE P2-66
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2-67

2-70

Replace the three forces acting on
the frame in Fig. P2-67 with an equiv-
alent force-couple system at A. Find
the location of the single resultant

above A.

FIGURE P2-67

Determine the magnitude, direction, and location of the resultant of the two
forces and a couple acting on the beam in Fig. P2-68.

5 kips 10 kips

FIGURE P2-68

For the angle bracket in Fig. P2-69 subjected to the system of forces and
couple shown, determine the resultant force and the points of intersection
of its line of action with the x and y axes.

FIGURE P2-69

For the bracket in Fig. P2-70 subjected to the system of forces and couples
shown, determine the single resultant and the point of intersection of its
line of action with line BC.

101b

FIGURE P2-70
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2-71 For the bracket in Fig. P2-71 subjected to the system of forces and couples
shown, determine the point along line AC where the single resultant passes .
through.

FIGURE P2-71

2-72  Reduce the force system acting on the bracket in Fig. P2-72 to the simplest
form.

350 mm —=}=— 350 mm

FIGURE P2-72

2-73 To have compressive soil pressure 1fe, 1ft, 2ft
exerted over the entire base of a
retaining wall, the resultant of the SRR e
forces acting on the wall above the D
base must pass through the middle R
third of the base. For the retaining 75010
wall shown in Fig. P2-73, the verti- 5ft 2 i@
cal forces represent the weight of
the concrete wall and footing, and
the weight of the earth above the
footing for a one-foot section of the
wall. The horizontal force repre-
sents the total earth pressure acting
on a one-foot section. Determine the
location where the resultant passes
through the base. Is it within the
middle third of the base?

e
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2-74 To have compressive soil pressure 15m  05m
exerted over the entire base of a gravi-
ty dam, the resultant of the forces act-
ing on the dam above the base must | L 05m
pass through the middle third of the '™ B -
base. For the gravity dam shown in Fig.
P2-74, the weight of two parts of the 4
dam for a one-meter section is shown. 58m S &
The total water pressure acting on the  * HZINT] g
one-meter section is represented by the t il
horizontal force. Determine the location alf
where the resultant passes through the e S

base. Is it within the middle third of the .l

base? -

~—1.75 m—=

FIGURE P2-74

Section 2-11 Resultant of Distributed Line Loads

2-75 The loading on the bookshelf can be considered as three uniform loads, as
shown in Fig. P2-75. Find the equivalent resultant force and specify its loca-
tion along the shelf from point A.

20 Ib/ft
-1-51bfﬂ_ N 12 Ib/ft o e L
=== -I- ¥ x
I-[--l—-
A B
—2ft I 21t ! 2ft

FIGURE P2-75

2-76 to 2-81 Replace the loading on the beams shown in Figs. P2-76 to Fig. P2-81
with an equivalent resultant force and specify their location along each
beam measured from the left-hand end A.

10 kips
5 kN/m 2 kips/ft

A B A B
| im ! im | | 6ft ! 3&«4——3&——{

FIGURE P2-76 FIGURE P2-77
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200 Ib/ft

800 1b
6 kN/m Sevm 10010/ .
3 kN/m
A B £ B c
- 6m ! 45m—- ! 91t ! 4ft-‘
FIGURE P2-78 FIGURE P2-79
800 N/m
. 6 kips.
300 N/m o
A = . c
I-—2.4m—--14mJ—2.4m~—| |- st ! 2&+—m—~|
FIGURE P2-80 FIGURE P2-81

2-82 Replace the loading on the vertical post in Fig. P2-82 with an equivalent
resultant force and specify its location along the post from the fixed end A.

41t
5 kips # 30° || 1 kip/ft

4ft

< 3
W 2 kips/ft

FIGURE P2-82

2-83 and 2-84 Replace the loading on the brackets in Fig. P2-83 and Fig. P2-84
with an equivalent resultant force and specify its location along AB mea-
sured from a convenient point.
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400 1b
60°
A B
5ft
gft
2 m—~ 4m i 4m | c 50 Ib/ft
FIGURE 2-83 FIGURE P2-84

2-85 The beam in Fig. P2-85 is subjected to the distributed loading shown.
Determine the distances a and b of the uniform load such that the resultant
force and the resultant couple moment of the loading are zero.

a fe— b

135 N/'m

FIGURE P2-85

2-86 Determine the distances a and b of the triangular load in Fig. P2-86 so that
the resultant force of the loading is a 200-Ib force acting downward at the
midpoint of the beam.

FIGURE P2-86
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2-87 To have compressive soil pressure exerted over the entire base of a retain-
ing wall, the resultant of the forces acting on the wall above the base must .
pass through the middle third of the base. The retaining wall in Fig. P2-87
is of concrete with a specific weight (weight per unit volume) of 150 Ib/ft?.
The specific weight of the earth is 100 Ib/ft*. The lateral pressure exerted by
the earth on a one-foot section of the wall is a triangular load as shown.
Using a one-foot section of the wall, determine the location where the resul-
tant passes through the base. Is it within the middle third of the base?

A B
216 Ib/ft
451

FIGURE P2-87

2-88 To have compressive soil pressure Im
exerted over the entire base of a gravity r—
dam, the resultant of the forces acting
on the dam above the base must pass
through the middle third of the base.
The gravity dam in Fig. P2-88 is of
masonry with a specific weight (weight
per unit volume) of 23.6 kN/m?. The lat-
eral pressure of water on a one-meter
section of the dam is a triangular load as
shown. Using a one-meter section of the
dam, determine the location where the
resultant passes through the base. Is it
within the middle third of the base?
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E’ each of the following problems, write a computer program using an appropriate pro-
gramming language with which you are most familiar. Make the program user friendly by
incorporating plenty of comments and input prompts so that the user will understand the
input data to be entered and the limitations of their values. The output should include the
data entered and the computed results, and they must be well labeled to identify each quan-
tity. If a tabulated format is used, a proper heading must be included at the top of the table.
Do not limit the program to any specific unit system. Indicate the consistent U.5. customary
or SI units that can be used.

C2-1 Write a computer program that can
be used to determine the resultant of
a concurrent coplanar force system
as shown in Fig. C2-1. The user input
should include (1) the number of
forces n, and (2) the magnitude and
the direction angle in the standard
position of each force F, and 6,. The
output results must include the x and
v components, and the magnitude
and direction angle (in the standard
position) of the resultant. Use this
program to solve (a) Example 2-9,
(b) Problem 2-25, and (c¢) Problem F R F, F,
2-26.

C2-2 Write a computer program that can
be used to determine the resultant of
a parallel coplanar force system as
shown in Fig. C2-2. The user input
should include (1) the number of
forces n, and (2) the magnitude and
location of each force F, and d,. Treat dy
the downward force as positive and
the upward force as negative. The FIGURE C2-2
output results must include the mag-
nitude and direction of the resultant
and its location along AB. Use this
program to solve (a) Problem 2-60
and (b) Problem 2-61.

101






